At variational level in the framework of dimensional reduced U e (1)×U g (1) electromagnetism it is considered an anyon Landau-Ginzburg Chern-Simons model for the fractional Hall effect. The collective gauge fields are due to pseudo-photons such that the role of the collective electric and magnetic fields are swapped in relation to the usual models. We show that the model contains both magnetic vortexes due to the internal photons (interpreted as quasi-particles) and electric vortexes due to the internal pseudo-photons (interpreted as quasi-holes) that account for the anyon quantized magnetic flux and fractional electric charges, respectively. This model holds the usual fractional Hall conductances and naturally justifies the negative energy contribution of quasi-holes to the Laughlin wave function due to the pseudo-photon being a ghost field (or phantom). Our model preserves, both at functional and solution level, in the planar model, macroscopical parity P and time-inversion T symmetries. Furthermore, in this framework, the quantization of magnetic flux is directly equivalent to the Dirac's quantization condition applied to the coupling constants, or fundamental unit charges e and g. If our framework proves to be correct, quantization of magnetic flux may be the most direct evidence for Dirac's quantization condition. Our results also indicate that pseudo-photons have, in this model, physical significance.
Introduction
The integer Hall effect was first analysed experimentally by Klitzing, Dorda and Pepper [1] in 1980 and explained theoretically by Laughlin [2] . The fractional hall effect was detected in 1982 by Tsui, Stormer and Gossard [3] , who measured a hall conductivity of 1/3(e 2 /h) corresponding to a fractional Landau filling level of ν = 1/3. The laughlin wave function for the fractional Hall effect [4] was at that time derived phenomenologically and still is the best account for this effect rendering odd fractional filling levels ν k = 1/(2k − 1) for states corresponding to quasi-particles and quasi-holes of fractional electrical charge. This effect was related to fractional statistics [5] [6] [7] [8] [9] such that the fractional quantization of the filling fraction was explained by interpreting the quasi-particles and quasi-holes as composite fermions constituted by one electron with magnetic flux tubes attached. These objects are known as anyons which have a fractional spin-statistics relation. By moving an anyon adiabatically around a close loop we obtain both an Aharanov-Bohm contribution [10] and a Berry phase contribution [11] (see [5] for further details). After these developments the same results have been obtained using an effective Landau-Ginzburg theory of anyons (similar to superconductivity [12] [13] [14] ) represented by a scalar complex field φ together with a ChernSimons term for a collective gauge field (a, also known as statistical gauge field) accounting for the long-range particle interactions [15] [16] [17] [18] . Later effective theories considered pure gauge theories with several gauge fields [19] [20] [21] [22] [23] . For review in this topics see [24] [25] [26] [27] . Both in Landau-Ginzburg Chern-Simons models and in effective Chern-Simons the Lagrangian violates, explicitly, parity P and time-inversion T through the Chern-Simons term and the equations of motion relate pseudo scalars with scalars and vectors with pseudo-vectors. It is widely accepted that strong external fields violate these discrete symmetries (at least along the direction of the external fields), however, with the exception of chiral phases where such symmetries are explicitly broken, one may expect that in longitudinal directions P and T symmetries may still be preserved in a macroscopical description of the systems. We show in this work that a anyon Landau-Ginzburg Chern-Simons model for the fractional Hall effect in the framework of U e (1) × U g (1) electromagnetism containing both photons and pseudophotons [35] [36] [37] [38] [39] does preserve P and T symmetries. This model is based in a dimensional reduction of the 3 + 1-dimensional theory [40, 41] such that the physical interpretation in terms of the field contents is distinct from the usual Landau-Ginzburg Chern-Simons models [15] [16] [17] [18] . The gauge fields are not interpreted as fictional auxiliary fields, instead they are justified as truly physical fields. Our model also accounts for the effective fractional electric charge of anyons, for any fractional Hall conductance σ H = p/(2m − 1), being always e * = e/(2m − 1) as has been experimentally suggested [28] [29] [30] . In our model this is due to the existence of vortex solutions both for the pseudo-photon and the internal photon. Dirac's quantization has been previously applied to global magnetic charge in the planar system (upon identification with a sphere) by Haldane [6] , however as far as the author is aware a direct equivalence between Dirac's quantization relation [31, 32] and the quantization of magnetic flux [33, 34] has never been proved. In our framework we obtain that Dirac's quantization condition is equivalent to the magnetic flux quantization, if our framework proves to be correct this may be the most direct evidence for Dirac's quantization condition (besides quantization of electric charge).
The Model with Pseudo-Photons
We start by considering U e (1) × U g (1) electromagnetism containing both the standard external gauge field A (photon) that transforms under P and T as a vector and an internal gauge field C (pseudo-photon) that transforms under P and T as a pseudo-vector [37] [38] [39] . Upon a dimensional reduction this theory renders a cross Chern-Simons boundary term [40] which is P and T invariant. We also state the result obtained in [41] concerning the electric and magnetic field definitions. In our framework the full six components of the fields are present being defined as
where the tilde indicate that the respective physical fields are defined in terms of the pseudophoton C. We note thatẼ and B stand for the orthogonal components to the planar system of the fields.
In systems where long-range effects are relevant, such as the fractional Hall effect, it seems a good assumption (and has been widely used) to consider that, at action level, the topological terms are predominant in relation to the gauge Maxwell terms for the gauge fields. In this section we are going to consider only the effect of the a cross topological ChernSimons term. In the next section we will further address the effect of the the Maxwell term for pseudo-photons and show that it reproduces the negative energy contribution of the phenomenological potential introduced by Laughlin [4] in the original description of the quantum Hall effect.
In the framework of U e (1) × U g (1) [37-39], a particle carrying both electric charge and magnetic flux must couple both to the A field (through its electric charge) and to the C field (through the magnetic flux). This is the case for anyons. So we are taking the following assumptions 1. φ is a complex field representing a composite electron (anyon) carrying an electric charge eα and a magnetic fluxḡβ. Hereḡ = 2πg is the coupling constant corresponding to the pseudo-vector C, g is the is the unit of magnetic charge and is multiplied by 2π in order to account for the coupling to magnetic flux instead of the coupling to magnetic charge [39] .
2. φ * φ is real and transforms as a scalar under the discrete symmetries P and T .
3. The coupling to the magnetic flux is done trough the effective constant (non-dynamical and space-time independent) pseudo-scalarβ that accounts for the amount of magnetic flux of each anyon. Being a pseudo-scalar we ensure that the coupling maintains the Lagrangian P and T invariant [37, 38] .
Given these assumptions we consider the Lagrangian
Herem is the effective renormalized mass of the anyon. Next we derive the stationary solutions for the equations of motion following the same procedure of the works [15] [16] [17] [18] . For external electric field E i = −∂ i A 0 and external magnetic field B = −ǫ ij ∂ i A j /2 we obtain
with the external magnetic field locked to B =ḡβN (from the equation of motion for C 0 ) and µ = λN/2 (from the equation of motion for φ). The equations of motion for A 0 hold that
with solution
We note that in theories with both photons and pseudo-photons the roles of each of the gauge fields A and C are reversed with respect to the definitions of the electric and magnetic fields as defined in (1) . Therefore the physical interpretation of equation (5) is that the anyon gas reacts to the external magnetic field by inducing a transverse electric field. Also it is important to stress that the solution (5) transforms as a pseudo-vector under P and T accordingly to C being a pseudo-vector. The equations of motion for A i hold the Hall conductance equation
For last we note that in the absence of external electric field the equation of motion for C i are identically null. When the external electric field is turn on, these equations hold a magnetic flux current, this is simply understood by noting that a current of anyons is both an electric current and a current of the attached flux tubes.
By considering the Dirac quantization condition eg = n /2 [31] for n = 1 we obtain, in terms of the magnetic flux quantum Φ 0 = h/2e, that
Therefore, from (6), the Hall conductance is given by
hence proportional to the ratio between the electric charge and the magnetic flux of the anyon. Only in the last two equations we explicitly considered h, we note that in the remaining of this work we are considering natural units = 1. Let us now use an adaptation from Haldane [6] and Halperin [7] arguments (see also [43] ). We may consider that the anyons have a fractional electric charge corresponding to α = 1/(2n − 1) and a magnetic flux corresponding toβ = 1/p such that we obtain the fractional Hall conductances
and the respective Landau level filling fraction ν p,n = α/β = p/(2n − 1). This construction is in close agreement with the original Laughlin wave function [4] and the experimental verification of fractional charge quantization of 1/(2n − 1), independently of p [28] [29] [30] . We justify this construction in the next section.
Flux Tubes and Fractional Charges
In Landau-Ginzburg Chern-Simons models there are finite energy solutions magnetic flux tubes [16, 42] . These exist also in our model and justify the introduction of the pseudo-scalar β in the model. In our construction the internal standard gauge field a (internal photon) has so far played no role at all. However let us consider the Lagrangian
given by
This extended model has finite energy magnetic vortex solutions
which carry a multiple of the unit of magnetic flux quanta. Considering one of such vortex solutions the equations of motion for C i reads
where we replaced φ * φ = N. By considering an additional vortex density flux δβ = ǫ ij ∂ i a j /(ḡN) = 1/(egN) and assuming that the Dirac quantization condition (7) holds we can shift the value ofβ such that
The results from the previous section hold with the appropriate replacement ofβ →β ′ . In this way it is justified the introduction of the pseudo-scalarβ. We note that correctly ǫ ij ∂ i a j transforms as a pseudo-scalar under P and T . We also have shown that the magnetic flux tubes are due to the internal gauge field a, i.e. the usual photon. This is a sort of condensation mechanism such that a is non-dynamical in the macroscopical model and its only effect in the effective theory is encoded in the pseudo-scalar constantβ, rendering it P and T invariant. In our model, we also have finite energy (electric) vortex solutions for the pseudo-photon field given by
Considering one of such vortex, the equation of motion for A 0 reads
we can consider an electric charge shift δα = ǫ ij ∂ i c j /(eN) = 1/(egN) such that
as long as the Dirac condition holds (7) . Given the result stated in equation (15) we can now re-interpret the left hand-side of equation (4), α simply accounts for the density (per electron) of electric vortexes in the system. This result is actually in agreement with solution (5). It is interesting to note that, in our framework, electric flux tubes are equivalent to quasi-holes excitations (phantom excitations accordingly to Laughlin [4] ). These excitations decrease the electric charge and hold lower energies for the configuration [4, 7] . Furthermore, in the framework of U e (1) × U g (1) electromagnetism, these vortex configurations correspond to excitations of the pseudo-photon. This is actually consistent with the fact that the pseudo-photon is, quantum mechanically, a ghost [39] (or a phantom). Hence excitations of this field contribute negatively to the energy of the state. More specifically by considering the pseudo-photon Maxwell term in the action we obtain a negative potential energy [39, 41] 
where
is the effective thickness of the system [41] and such that the potential energy contribution corresponds simply to −δ ⊥Ẽ 2 /2. We stress that the Maxwell term for the usual photon has opposite sign in the Lagrangian −δ ⊥ F µν F µν /4 holding a positive potential energy contribution +δ ⊥ F 2 12 /2 = +δ ⊥ B 2 /2. For a giving electric vortex density 1/(2m − 1), considering the effective vortex area σ m and setting the thickness to unit, from (14) we obtain the same negative energy density contribution of Laughlin [4] 
where we used Dirac's quantization condition (7) . As expected this is the negative contribution from the quasi-holes and corresponds to a short-range − ln(r) interaction. The remaining terms that contributes to the potential energy are positive and are due to the interaction between several electric vortexes. These can be obtained by higher order corrections on powers of σ m [4, 7] . We note that accordingly to the original references we are in the presence of a strong coupled plasma, this is consistent with the coupling constant beingḡ ∼ 1/e. There are two important points concerning these results. First we note that the internal photon is effectively excluded from the model, this justifies why the measurable fractional electric charge is due to the pseudo-photon only. Second, in order to justify the effective finite size of the vortexes (hence finite energy contribution due to the Maxwell terms), it is necessary to consider the effects due to the thickness of the system, in the works [44] [45] [46] it was shown that these effects correctly render a ln(r) short range interaction and a 1/r long range interaction.
Conclusions
In the framework of dimensional reduced U e (1)×U g (1) electromagnetism, with both photons and pseudo-photons, we have build a model for the fractional Hall effect. Besides being able to incorporate this effect in a more generic physical context we explain the origin of fractional charges and naturally justify the interpretation of the negative energy excitation (quasi-holes) due to the pseudo-photon being a ghost. Furthermore we achieved these goals preserving macroscopical P and T invariance at planar level.
This work is one more example of physical systems where the pseudo-photon may play a physical relevant role [47] [48] [49] and it is interesting that our results may also be related to BF theories describing effective topological superconductivity [50, 51] . Also related to this topic and to finalize our discussion, we remark that our construction may be relevant to bilayer systems [52] [53] [54] [55] [56] [57] [58] [59] . In our framework the interlayer correlation is mainly due to the electric vortexes which may justify the measured effective interlayer electric potential which is orthogonal to the coupled planar systems. In the same manner this construction is consistent, and may explain as well, the non-existence of Bose-Einstein condensates in electro-hole bilayers, instead it was found experimentally that condensates exist in electronelectron bilayers [60] .
One last relevant result from our construction is that the magnetic flux quantization is, in our framework, equivalent to the Dirac's quantization condition. If this framework proves to be correct, besides quantization of electric charge, the quantization of magnetic flux may be the most direct evidence for Dirac's quantization condition. In our framework the equivalence between both is given directly in terms of the units charges e and g which is fully justified in the context of U e (1) × U g (1) electromagnetism.
